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ABSTRACT 
A phase-change temperature-based formulation including general latent heat effects is presented. These 
effects are taken into account by means of an explicit "phase-change function" (or liquid fraction-
temperature relationship in a more specific context) defined analytically or based on experimental 
measurements. The behaviour of different functions is studied and compared. The finite element equations 
of this formulation are also described. Finally, a numerical example is analysed to illustrate the performance 
of the proposed methodology. 
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INTRODUCTION 

Phase-change problems appear frequently in industrial processes and other problems of 
technological interest. The problem is highly non-linear owing to the latent heat effects and, 
therefore, few analytical solutions can be obtained1. Numerical solutions employing finite 
differences, boundary elements, or finite element techniques have been attempted by many 
researchers2-5. 

Among the finite element procedures, fixed domain methods have long been recognized 
to be the more suitable in dealing with general phase-change problems2-5 . Within this 
framework, one option is to use the enthalpy as the main variable in order to take into account 
the latent heat effect. Once the enthalpy is known for each time step, the temperature can be 
obtained by means of the enthalpy-temperature relationship2-7. Other different approaches 
are the source method8,9, transformation methods1 0 - 1 2 and the transfinite element 
technique13. 

In particular, the enthalpy method has been coupled with a microscopic model of micro-
structure formation during the solidification process14. In this model, the phase-change effects 
depend on several microscopic variables governing the kinetics phenomena. Another simplified 
macroscopic way to take these effects into account is by means of the definition of an explicit 
enthalpy-temperature relationship. This methodology has been used within the framework of the 
already mentioned methods15-20. Nevertheless, when the enthalpy-temperature relationship 
presents great variations or even discontinuities in the phase-change temperature range, all these 
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methods need regularization in order to achieve convergence and stability of the numerical 
solution. 

An alternative option, exploited first for thermal analysis21 and more recently for thermal and 
general coupled thermomechanical formulations22,23 consists of retaining the temperature as the 
only state variable of the thermal problem. In order to avoid any explicit smoothing, a special 
element able to integrate sharp or even discontinuous functions must be used22,23. Therefore, this 
methodology proves to be conservative in the weak form sense formulation satisfying the moving 
interface condition22,23. 

The objective of this paper is to present a phase-change model including general latent heat 
effects in the context of the temperature-based finite element formulation developed by 
Celentano et a l . 2 2 , 2 3 . In this new approach, all the advantages of the method presented in 
Celentano et al .2 3 are preserved; that is, no regularizations on the phase-change function 
accounting for latent heat effects are required and convergent and stable numerical solutions are 
obtained. The governing equations of this problem are the energy equation with adequate 
boundary and initial conditions and a proper definition of the specific internal energy22,23. Some 
important details related to different analytical and experimental phase-change functions are 
discussed in the next section. The finite element formulation of this problem is then briefly 
described, and the final section includes a casting example of an Al-355 alloy where 
experimental results are compared with those obtained using the present formulation, showing in 
this form the effectiveness of the proposed methodology. 

PHASE-CHANGE FUNCTION 

In phase-change problems, the evolution of the specific internal energy ω is defined as22,23: 

where the superscript dot denotes time derivative, c is the specific heat capacity, Τ is the 
temperature, L is the specific latent heat released in a freezing problem (or absorbed in a melting 
one) and fpc the "phase-change function". In the specific context of solidification problems related 
to a liquid to solid phase-change, the phase-change function is, in fact, the liquid fraction22,23. In 
this framework, the solid fraction fs is defined as: 

and constitutes a more usual variable in the experimental observations of solidification prob
lems15,16. Equation (2) states that the choice of fpc or fs as the main variable that governs the phase-
change phenomena is absolutely equivalent. Following Celentano et al.22,23, the first of them is 
adopted in this work. 

For non-isothermal phase-change problems, fpc can be written as22,23: 

where and denote the "solidus" and "liquidus" temperatures respectively while g(T) denotes 
the way of latent heat release. Function g(T) in equation (3) may be obtained using a 
microstructure model14. However, from a macroscopical point of view assumed in this paper, 
simpler choices for g(T) can be adopted. In particular, the definition of several explicit bijective 
g- T relationships have been attempted by different researchers15-20. Among them, it is possible 
to find: 
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• linear function 

• parabolic function: 

• lever rule: 

where , is the equilibrium partition ratio and denotes the melting 
temperature of the pure metal matrix15-20. 
• function obtained experimentally: by means of the so-called cooling curve analysis15,16 that 

consists, very briefly, of analysing the temperature evolution of a lumped-system (i.e. 
neglecting heat conduction) in order to know the ƒpc - Τ relationship. It should be 
emphasized that, although the values of ƒpc are derived from the lumped-system assumption, 
they are only a function of casting temperature and, hence, applicable to modelling a general 
non-lumped casting solidification problem15,16. 

An example using these types of non-isothermal phase-change functions will be illustrated in the 
final section. 

FINITE ELEMENT FORMULATION 

In the context of the finite element technique24, the discrete problem can be obtained via the 
spatial Galerkin projection of the continuous problem into a finite dimensional subspace hV of 
admissible C° continuous shape functions Ν Î hV. Making use of the standard spatial interpolation 
for the temperature field, it leads to24: 

with Ni Î hV for i = 1, . . . ,nnode. Inequation (5), N is the element shape function matrix and tT(e) is 
the nodal temperature vector (the superscript e denotes element values). For simplicity in the 
notation, subscript h will be dropped from here onwards. 

Following standard procedures, the global discretized thermal equilibrium equations at a 
certain time can be written in matrix form as22,23: 

where F is the external heat flux vector, C is the capacity matrix, Κ is the conductivity matrix, L 
is the "phase-change" vector rate and R is the residual vector22,23. As usual, all vectors and 
matrices are assembled from the element contributions in the standard manner24. The form of the 
different elemental expressions appearing in equation (6) can be seen in Celentano et al.22,22. 
However, it is important to remark that the elemental contribution of L is22,23: 

where ρ0 is the density at the reference configuration of body Ω and Τ is the transpose symbol. 
Also it should be noted that the term contains the latent heat effect when . 

To integrate in time equation (6), a generalized mid-point rule algorithm can be used24. In 
particular, the well-known Euler backward method has been used in this work. 

As fpc can present sharp variations or jump discontinuities inside an element in the presence of 
phase-change, a non-standard spatial integration is needed to compute L accurately. The idea used 
in this paper consists of splitting the Ω(e) integral into Ω(e)ndiv. integrals, with the number of element 
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subdivisions ndiv fixed. Using this subdomain technique, a more accurate integration is 
achieved22,23. 

Finally, particular details concerning the solution strategy algorithm for solving the non-linear 
system of equation (6) can be found in Celentano et al.22,23. 

NUMERICAL EXAMPLE 

Solidification of an Al-355 alloy 
Some experiments using an Al-355 alloy with a sand mould have been conducted by Su and Tsai15 

in order to obtain the phase-change function fpc during the solidification process. To this end, 
several very sensitive thermocouples were used for temperature measurements. The thermophysical 
properties of this problem have been reported in Su and Tsai15 and they can be found in the 
following: 
Thermal properties of aluminium Al-355 

• Density : 

• Specific heat capacity : 

• Conductivity coefficient : 

• Solidus temperature : 

• Liquidus temperature : 

• Melting temperature of pure aluminium : 

• Latent heat : 

Thermal properties of moulding sand 

• Density: 

• Specific heat capacity : 

• Conductivity coefficient : 

Thermal properties of the interfaces 

• Convection-radiation coefficient (sand-air) : 

• Environmental temperature : 

• Convection-radiation coefficient (aluminium-sand) : 
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The numerical analysis begins with the mould completely filled with aluminium in liquid state. 
The initial temperatures are supposed to be 950K for the casting and 298.16K for the mould. 

The geometry, boundary conditions and 2D plane finite element mesh used in the computations 
are presented in Figure 1. The time step chosen was Δt = 5 s. 

Figure 2 shows the different phase-change functions considered in the numerical analysis. The 
experimental phase-change function has been obtained in Su and Tsai15. In sharp contrast with Su 
and Tsai15 and Jong and Hwang16, it should be noted that no regularization has been performed on 
this curve because, as mentioned before, the formulation presented in the previous section is able 
to deal with this kind of function. 

The temperature evolution of two points situated in the alloy are plotted in Figures 3 and 4 
respectively, where it is clearly seen that the lumped-system condition is fulfilled, as it has been 
pointed out in Su and Tsai15. These cooling curves show that the Al-355 alloy is characterized by 
two "plateaux" corresponding to peaks of latent heat release. The shapes of such curves represent 
a typical trend for many hipoeutectic alloys15,16. It should be noted that a very good agreement 
between numerical results using the experimental phase-change function and experimental 
measurements is achieved. On the other hand, a significant difference in temperature history for 
the linear function was found. Moreover, the parabolic and lever functions do not predict the two 
flat segments but they behave reasonably well in the whole solidification range. Therefore, the 
selection of correct mode of latent heat release during solidification is crucial to predict the 
temperature distribution and solidification pattern in castings. 

Finally, Figure 5 depicts the temperature history at a point located in the external surface of the 
mould. 
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CONCLUSIONS 

A temperature-based finite element formulation able to deal with general latent heat effects has 
been presented. The main features of such a formulation are: 

• it can solve generalized phase-change problems taking into account general latent heat 
effects; 

• it does not need any explicit regularization on the phase-change function because an 
accurate integration technique is employed. Thus, it is conservative in the weak form sense; 

• the numerical example analysed shows the accuracy of the present formulation. In 
particular, an appropriate experimental-based mode of latent heat release is required for 
correctly modelling real casting solidification problems. 

ACKNOWLEDGEMENTS 

This research has been partially supported by BRITE/EURAM Project "Development of a User-
Oriented CAE System for Simulating the Forming of Ductile Iron Parts", No. BE-4596 under 
contract No. BEEU-0443. The second author thanks the research MUTIS fellowship which 
provided for this work. 

REFERENCES 

1 Ysachenko, V., Osipova, V. and Sukomel, Α., Heat Transfer, English edition, MIR Publishers, Moscow (1987) 
2 Salcudean, M. and Abdullah, Z., On the numerical modelling of heat transfer during solidification, Int. Your. Num. 

Meth. Engng., 25,445-473 (1988) 
3 Tamma, K. and Namburu, R., Recent advances, trends and new perspectives via enthalpy-based finite element 

formulations for applications to solidification problems, Int. Jour. Num. Meth Engng., 30, 803-820 (1990) 
4 Voller, V., Swaminathan, C. and Thomas, B., Fixed grid techniques for phase change problems: a review, Int. Jour. 

Num. Meth. Engng., 30, 875-898 (1990) 
5 Viskanta, R., Heat transfer during melting and solidification of metals, J. Heat Transfer ASME, 110, 1205-1219 

(1988) 
6 Morgan, K., Lewis, R. and Zienkiewicz, O., An improved algorithm for heat convection problems with phase change, 

Int. Jour. Num. Meth. Engng., 12, 1191-1195 (1978) 
7 Comini, G., Del Guidice, S., Lewis, R. and Zienkiewicz, O., Finite element solution of non-linear heat conduction 

problems with special reference to phase change, Int. Jour. Num. Meth. Engng., 8, 613-624 (1974) 
8 Rolph, W. III and Bathe, K., An efficient algorithm for analysis of non-linear heat transfer with phase changes, 

Int. Jour. Num. Meth. Engng., 18, 119-134(1982) 
9 Roose, J. and Storrer, O., Modelization of phase changes by fictitious heat flow, Int. Jour. Num. Meth. Engng.,20, 

217-225 (1984) 
10 Blanchard, D. and Fremond, M., The Stefan Problem: computing without the free boundary, Int. Jour. Num. Meth. 

Engng., 20, 757-771 (1984) 
11 Ichikawa, Y. and Kikuchi, N., A one-phase multi-dimensional Stefan problem by the method of variational 

inequalities, Int. Jour. Num. Meth. Engng., 14,1197-1220 (1979) 
12 Lee, T., Advani, S., Lee, J. and Moon, H., A fixed grid finite element method for non-linear diffusion problems with 

moving boundaries, Computational Mechanics, 8, 111-123 (1991) 
13 Tamma, K. and Railkar, S., Hybrid transfinite element modelling analysis of non-linear heat conduction problems 

involving phase change, Eng. Comput., 5, 117-122 (June 1988) 
14 Thévoz, P., Desbiolles, J. and Rappaz, M., Modelling of equiaxed microstructure formation in casting, Metallurgical 

Transactions A, 20A, 311-322 (February 1989) 
15 Su, C. and Tsai, H., A direct method to include latent heat effect for modeling casting solidification, AFS Transactions 

91-82,781-789(1992) 
16 Jong, S. and Hwang, W., Study of functional relationship of fraction of solid with temperature in mushy range for 

A356 Al Alloy, AFS Transactions 92-195, 939-946 (1991) 
17 Kim, J., Lim I., Yang, H. and Meyers, C., Comparison of four different latent heat models during the phase-change 

process, AFS Transactions 92-157, 947-954 (1992) 
18 Clyne, T., Modeling of heat flow in solidification, Material Science and Engineering, 65,111-124(1984) 
19 Clyne, T., The use of heat flow modeling to explore solidification phenomena, Metall. Trans. Β, 13Β, 471-478 (1982) 
20 Swaminathan, C. and Voller, V. On the enthalpy method, Int. J. Num. Meth. Heat Fluid Flow, 3,233-244 (1993) 



A PHASE-CHANGE TEMPERATURE-BASED FORMULATION 7 9 

21 Storti, M., Crivelli, L. and Idelsohn, S., An efficient tangent scheme for solving phase-change problems, Comp. Meth. 
in App. Mech. and Engng., 66, 65-86 (1988) 

22 Celentano, D., Oiler, S. and Onate, E., A finite element model for thermomechanical analysis in casting problems, 
EUROMAT 93, the 3rd European Conference on Advanced Materials and Processes, Paris (8-10 June 1993) 

23 Celentano, D., Offate, E. and Oiler, S., A temperature-based formulation for finite element analysis of generalized 
phase-change problems, Int. Jour. Num. Meth. Engng., 37, 3441-3465 (1994) 

24 Zienkiewicz, O. and Taylor, R., The Finite Element Method, 4th ed., 1 & 2, McGraw-Hill, London (1989) 


